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IDENTITIES ON THE CHANGHEE NUMBERS
AND APOSTOL-TYPE DAEHEE
POLYNOMIALS

YILMAZ SIMSEK

ABSTRACT. By using generating functions and p-adic integral methods,
we study, survey, and investigate various properties of the special num-
bers and polynomials including the Bernoulli numbers and polynomials,
the Euler numbers and polynomials, the Changhee numbers and poly-
nomials, the Daehee numbers and polynomials, the Bernoulli numbers
and polynomials of the second kind, the Stirling numbers, and the Cata-
lan numbers. We define Apostol-type Dachee numbers and polynomials
of higher order. We derive some properties, relations and identities on
these numbers and polynomials. Finally, we give some applications of
the p-adic Volkenborn integral including the special numbers and poly-
nomials. We give some remarks and observations associated with the
Bernoulli numbers, the Euler numbers, the Daehee numbers, and the
Changhee numbers.
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1. INTRODUCTION

Recently, by using the p-adic integral, combinatorial sums, some families
of special numbers and polynomials have been studied by many authors (cf.
[6]-[22], [32], [29], [31], [34]; see also the references cited in each of these
earlier works).There are various methods to investigate families of special
numbers and polynomials, which are very important all areas of mathemat-
ics and mathematical physics. In order to give our results, we use generating
functions and p-adic integral methods. In this paper, we give various formu-
las, relations, and identities related to the Daehee numbers, the Changhee
numbers and polynomials, the Bernoulli numbers and polynomials, and the
Stirling numbers. We define Apostol-type Dachee numbers and polynomials
of higher-order with their generating functions.

We need the following formulas, relations and generating functions for
families of well-known special numbers and polynomials.
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The Apostol-Bernoulli polynomials By, (z; \) are defined by means of the
following generating function:

Fy(t,z;\) = ZB (2 /\)

where )\ is a complex number and (|t| < 27 when A = 1 and |t| < |log )|
when \ # 1) with

Bn(A) = Bn(0; M),

which denotes the Apostol-Bernoulli numbers,

B, = By (0;1)
which denotes the Bernoulli numbers (of the first kind) (¢f. [17], [8], [23],
[24], [25], [26], [29], [33], [34]; see also the references cited in each of these

earlier works).
The A-Stirling numbers of the second kind are defined by means of the
following generating function:

1) Frs(tv)) = (Ae 1)

ZSQ n, v; /\
(cf. [23]; see also [24], [30], [33]; see also the references cited in each of these
earlier works).

In [4], the Stirling number of the second kind Sa(n, k) are defined in com-
binatorics aspect: the Stirling numbers of the second kind are the number

of ways to partition a set of n objects into k groups. These numbers are
defined by means of the following generatinv function:

2) Fettyo) = £ ZSQ n,v)

(cf. [1]-[35]; see also the references cited in each of these earlier works). By
using the above generating function, these numbers are computed by the
following explicit formula:

1 v i \n
®) 52<n,v>—aj§:%(j)<—1>f i)

Setting A =1 in (1), we have
Sa(n,v;1) = Sa(n,v)

(cf. [1]-[35]; see also the references cited in each of these earlier works).
The Stirling numbers of the first kind s;(n, v) are defined by means of the
following generating function:

k o n
(4) Fsl(t,k):wzzsl(nak)%v
’ n=0 ’

(cf. 3], [4], [11], [16], [28], [30], [35]; see also the references cited in each of
these earlier works).



Identities on the Changhee numbers and Apostol-Daehee polynomials 201

The Bernoulli polynomials of the second kind, b, (x) are defined by means
of the following generating function:

t

(5) Fy(t,z) = m(l +1)" = by ()
n=0

t’rL
n!

(cf. [28]; see also the references cited in therein).
The Bernoulli numbers of the second kind, b,(0) are defined by means of
the following generating function:

tn
b (0)—.
10g (1+1¢) Z 0) n!

The numbers b, (0) are known as the Cauchy numbers ([10], [28]).
The Daehee polynomials are defined by means of the following generating
function:

(6) Fp(t,x) =

Fyo(t) =

M 1 + t Z D
n=0
with
D,, = D,(0)

denotes the so-called the Daehee numbers (cf. [6], [14], [11], [13], [9], [21],
[27]; see also the references cited in each of these earlier works).

The Changhee polynomials are defined by means of the following gener-
ating function:

(7) Fc(t,x)=22 (1+t)" = ZCh t—'

with
Chy, = Chy(0)
denotes the so-called Changhee numbers (cf. [14], [22], [34]; see also the
references cited in each of these earlier works).
In [31], we defined the function D,(z;\) by means of the following gen-
erating function:

log(1 4+ At - "
© e = M G e S e
n=0 ’

with
Dy (A) = Dn(0; A)

denotes the so-called the Apostol-type Daehee numbers.

Throughout this paper, we use the following notations:

N={1,2,3...},Ng={0,1,2,3,...} = NU{0} and Z~ = {~1,-2,-3.... }.
Here, Z denotes the set of integers, R denotes the set of real numbers, C
denotes the set of complex numbers and Z, denotes the set of p-adic in-
tegers. We assume that In(z) denotes the principal branch of the multi-
valued function In(z) with the imaginary part Im (In(z)) constrained by
—7m < Im (In(z)) < 7. Furthermore, 0" =1 if n =0, and, 0" =0 if n € N.

(:c ) _z@-1)-(@-v+l) (2

v v! ol
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(cf. [1]-[35]; see also the references cited in each of these earlier works).

We summarize our results as follows.

In Section 2, we define the Apostol-type Daehee numbers and polynomi-
als of higher order. We investigate some properties of these numbers and
polynomials.

In Section 3, we give some identities and relations including the Apostol-
type Daehee numbers and polynomials of higher order, the Changhee num-
bers and polynomials and the Stirling numbers.

In Section 4, we give further remarks and observation on the Changhee
and Daehee numbers and polynomials and also the Catalan numbers related
to application of the p-adic integrals.

In Section 5, we give some remarks and observations related to the Bernoulli
numbers, the Euler numbers, the Daehee numbers, and the Changhee num-
bers.

2. APOSTOL-TYPE DAEHEE NUMBERS AND POLYNOMIALS OF HIGHER
ORDER

In this section, we define Apostol-type Dachee numbers and polynomials
of higher order. We give some properties of these numbers and polynomials.

The functions, DT(Lk)(x; A) are defined by means of the following generating
functions:

log(1 + At)\* > "
(9)  Fp(t,z; A\ k) = <W (L+At)* = Z%Dﬁf)(x; Ao
o
Note that there is one generating function for each nonnegative value of k.
Observe that substituting A = 1 into (9), Dy(lk)(cc; 1) reduces to the higher-
order Daehee Polynomials (¢f. [5], [15]). These numbers, Dﬁlk)()\) are defined
by means of the following generating functions:

koo n
(10a) Fo(t A k) = <w> :ZDW(A)%.

n=0

Note that there is one generating function for each value of k.
We give the following functional equation:

(11) Fp(t;\,a +0b) = Fp(t; X\, a)Fp(t; A\, )
and
(12) Fp(t,z; N\, a+b) = Fp(t,z; \, a)Fp(t, z; \, b).
Combining (11) with (10a), we obtain
D DEIN) =3 DN Y DY)
n=0 n=0 n=0

Therefore,
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Comparing the coefficients of % on both sides of the above equation, we
arrive at the following theorem:

Theorem 2.1.

(13) D () = ( n )D](-“)(A)Dn”lju).
7=0 J

Theorem 2.2.

(14) D (a3 0) = Z( j > D3 (s D, 5 ),
j=0

The proof of Equation (14) can be shown by using (12) and (9). This
proof is same as that of (13). Therefore, the details of the proof is omitted.

We take derivative of (9) with respect to x, we obtain the following a
partial differential equation:

ng(t, ;N\ k) =kFp(t,z; M\ k) (tFp(t,0; ), 1) —log \) .

ox
Combining the above equation with (9), we have

— log /\>
By using the above equation, we obtain derivative formula for the Dﬁf) (z; )

Za —kZD :m)— <ZD
by the following theorem:

Theorem 2.3.

D (a0 _nkZ(n_1> DY) (2 ) Dy 15(A) ~ k (log 3) DY) (2 1),

We now modify generating functions in (9). We define Apostol-type Dae-
hee polynomials @%k)(:c; A) of higher-order by means of the following gener-
ating function:

(15)

I log(1
G@(t,:c;)\,k)=<Og(;\\)2:+o)\g(_1+/\t)> (L+ M) Z@’%M

Substituting = 0 into (15), we obtain the following Apostol-type Dacehee
numbers D )(/\) of higher-order:

2P (A) =2 (0: ).

Remark 1. Substituting A = 1 into (15), ’D%k)( ; A) reduces to the Daehee

polynomials Dé )(x A\) of higher-order (cf. [15]; see also the references cited

in each of these earlier works).

Remark 2. El-Desouky and Mustafa [5], defined so-called the A-Daehee
polynomials of the first kind with order k by the genemting function:

Alog(1 + At)
(7(“1»_1) (14 Xt)* ZDM
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Substituting
M=e"—1
into (15), we get

log (A\) + 2 - 1"
< e — 1 ZQ ’ /\"n' ’
Combining right-hand side of the above equation with (2), we obtain

(B2 - S0 3 st g

Since Sa(m,n) =0 when m < n, we have

(16) (%) = Z 252(m n)D®) ) W'

m=0n=0

The left-hand side of the above equation (16) is a generating function for the
well-known A-Bernoulli polynomials B, (z; A), which is defined as follows:

] log A +1 k "
(17) Fa(t s\ k) = (W) Z‘B( i

(¢f. [19]). Combining (16) and (17), we have

1
Z% ZZSan ,\))\njn'.

m=0n=0
Comparing the coefficients of fl—, on both sides of the above equation, we
arrive at the following theorem:

Theorem 2.4.

m

B (2:0) = Z %Sz(m., n)D® (z; ).

n=0

Observe that 53 (x M) is a polynomial of variable z. These polynomials
are associated with the Apostol-type Bernoulli polynomials, the Frobenius-
Euler numbers, and the other special polynomials.

3. IDENTITIES AND RELATIONS

In this section, we derive some identities and relations including the
Apostol-type Daehee numbers and polynomials of higher-order, the Changhee
numbers and polynomials and the Stirling numbers by using generating func-
tion and their functional equation.

By using (7), we obtain

(1+1)° Z =Chn i ( +Z2C’hn(a:

From the above equatlon, we have

(18) 3 (gChn,l(x) + Chn(x)) ;—T: =3 (@), =
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Comparing the coefficients of ;—", on both sides of the above equation, we

arrive at the following theorem:

Theorem 3.1. (Recurrence relation for the Changhee polynomials)

n
(19) §Chn_1(x) + Chp(z) = (2),, -
By (19), we compute few values of the Changhee polynomial as follows:
Ch()(CE) = ].,
1
Chi(z) = x-— 2
1
Chy(z) = 2°—2z+ 5
Chs(z) = 2 — 3952 + 52 — Z,

etc.
In [31], we gave the A-Bernoulli polynomials of the second kind are defined
by means of the following generating function:

/\1_zt 0 m
2 Fp(t,z; ) = ————(1 T = by (z;A)—.
(20) bo(t, 23 A) log(lJr)\t)( + At) n§:0 (7 0)

By using (20) and (8), we have the following functional equation:
Fp(t,x)Fyp(t,x) = A"2(1 + At)*.

Combining the above functional equation with (19), we get

oo

i Zn: < ZL ) bj(@; ) Dy j (5 /\)ﬁ A=Y (%Chn_l(x) + Chn(x)) it

| |
n. n:
n=0 j=0 n=0

tn

-1 on both sides of the above equation, we

Comparing the coefficients of
obtain the following theorem:

Theorem 3.2.

n

21) > ( ;L ) bj(x; N Dy j(m; A) = A" (gChnfl(li) + C’hn(x)) .

j=0
Theorem 3.3.
)\7sz($+1) n

W Jz::o ( ! ) si(n—j.k) (%(th_l(m) + Chj(:c)) :

DM (w;0) =
k
Proof. Combining (9) with (4), we get the following functional equation:
M@k B (2 A k) = kI Fa (A, k) (14 At)®.
By using the above equation, we obtain

tn+k

M S D (f} s1(n, k)M) (1+ 2"
n=0 ' n=0

n!
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We assume that |[A\t| < 1, then the above equation reduces to the following
equation

(41) o t“““ = M) = M)
) Z - k'z 1(m, k)(n') Z(‘T)”(n') '
n=0 n=0 n=0
Therefore,
., 0 o n B m
A\k(z+1) Zo(n)an o (T3 )\ > ZO( >)\ si(n —j, )(Z)Jm

k(1) N ® ot
A Z;)(n);ﬂ)n_k(x,)\)n!

n

> ( ’ ) Nsi(n — j, k) (%Chjl(a:) + C’hj(at)) ;_

Comparing the coefficients of :L—", on both sides of the above equation, we
arrive at the desired result. 0

We define the following functional equation:

k

(A—1)* (A’\—_th + 1) =0

By combining the above equation with (15) and (4), we obtain

0 n 0 n _ 2 n
> DM (x; )\)t—, = ! - (:L")n (At,) (n T 1) (— /\)\ tl)
n=0 n ()‘ - 1) = n n=0 " B
k
k) k /\f)
(log A\)* 7N 51 (n, §)
%0 >

By combining the above equation with (18) and (4), we arrive at the
following theorem including a relation between the Apostol-type Daehee
polynomials and Changhee polynomials:

Theorem 3.4. Let n be a positive integer. Then

- RS (00

7=0 =0 m=0

AZrtentit (log A)F—J ,
Ao yeg e md) @

Substituting (19) into (22), we arrive at the following corollary:

(22)
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Corollary 3.5.

oy = 133 (- O

7=0 c=0 m=0
8 A2nteptit (log A)F ™
(1 _ )\)n+k c c!

L1 (c—m.j) (%Chm_l(m) + Chm(:n)> .

4. FURTHER REMARKS AND OBSERVATION ON THE CHANGHEE AND
DAEHEE NUMBERS AND POLYNOMIALS: APPLYING THE p-ADIC
INTEGRALS

By using the p-adic integrals, various different properties of the combi-
natorial sums, special numbers, and polynomials have been studied. In this
section, we investigate and survey some properties of the Changhee and
Daehee numbers and polynomials by using the p-adic integrals (c¢f. [6]-[22],
[32], [29], [31], [34]; see also the references cited therein).

Let p be a fixed prime and UD (Z,) be the set of uniformly differentiable
functions on Z,. The p-adic g-integral of the function f € UD (Z,) was
defined by Kim [16] as follows:

/ fe)dpafa) = ) [pN]q Z f(@)e"

=0

where

and

where ¢ € C, with | 1 — ¢ |,< 1.
The bosonic p-adic integral (the Volkenborn integral) is given by

(23) [ @ @)= Jim S (@),

where
i1 (@) = Tim ()
q—1
(¢f. [32], [16]; see also the references cited therein).

A relation between the Volkenborn integral and the Bernoulli numbers is
given by

(24) 2"duy () = By,
/

(cf. [16], [17], [29], [32], [34]; see also the references cited in each of these
earlier works).
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The so-called the fermionic p-adic integral on Z, is given by

N

. pt—1
(25) [ F@adus @)= im 3 (17 @)
Zp =0
where
p-1(z) = Jm, fiq()

(¢f. [17]). By using (25), one has a relation between the fermionic p-adic
integral and the Euler numbers E,, as follows:

(26) /x”du,l (x) = En,
Zp
(cf. [17], [8], [29], [34]; see also the references cited in each of these earlier
works).
Theorem 4.1.

o ()t

Ly

Proof of Theorem 4.1 was given by Schikhof [32].
Theorem 4.2.

s J(5) =55

Zyp

Proof of Theorem 4.2 was given by Kim et al. [14].

Applying the Volkenborn integral, the Witt-type formula for the Daehee
numbers and polynomials were given by Kim at al. [14] as follows, respec-
tively:

Do = [ @)adps (2)
Zp
and
Do) = [ o+ 0 ).
Zp

Applying the fermionic p-adic integral, the Witt-type formula for the
Changhee numbers and polynomials were given by Kim at al. [14] as follows,
respectively:

Chy, = /.(:z;)ndu_l (z)

and
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Remark 3. In [18, p. 5 Theorem 3], Kim defined the Catalan numbers, Cy,
via the fermionic p-adic integral as follows:

Cp = (—1)"22" /( > >du_1 (@),

Ly

C =1 (2”>
n—+1 n

From the above relation, we have

where

n!

[ (3), dn-r @) = (1" g

Zp

Remark 4. There are many applications of the fermionic and bosonic p-adic
integral special numbers and polynomials, combinatorial sums, and formulas

(cf. [6]-[22], [32], [29], [31], [34]; see also the references cited therein).

4.1. Observation on generating function for the Apostol-type Dae-
hee numbers. By using the same method that of Kim [15], we give a
generating function for the Apostol-type Daehee numbers of higher-order.
We set
fla, 6 0) = A" (1+ A)°.
From the above function, we have
fle+ 1,60 = X1+ M) f(z,t;N)

and

%f(x,t; A) la=0 = log (A) + log (1 4+ At).

By substituting the above function and relations into the following integral
equation of Equation (23), we obtain

log (\)+1og (1 4+ At) = A (1 + At) / N (14 A dpy (x)—/ N (14 A7 dpy ().
ZP ZP
Therefore,

_log (X) +log (1 + At)

/)\‘”(1 A" dpn () = ZE S
Zp

By using the above integral equation, we define

(29) G(t:\) = log () + log (1 + At)

A1+ At) -1
We investigate some properties of the above function. Substituting
b= e —1
A

into (29), we obtain

e —1 ) _log(\)+z
o(E5h) e
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We observe that G (ez)\_ 1. )\) is a generating function for the A-Bernoulli num-
bers (¢f. [19]). We also observe that G (e* — 1;1) is a generating function
for the Bernoulli numbers.

Substituting A = 1 into (29), we obtain

G(t;l):w.

Observe that G (¢;1) is a generating function for the Deahee numbers (cf.
(14], [15]).

5. SEQUENCES OF THE BERNOULLI NUMBERS AND THE EULER NUMBERS
RELATED TO THE CHANGHEE AND THE DAEHEE NUMBERS

In this section, we study sequences including the Bernoulli numbers and
the Euler numbers related to the Changhee numbers and the Daehee num-
bers. By combining (24) with (27), one has the following relations for the
Daehee numbers and the Bernoulli numbers:

Dy = DBy,

Dy = By,

Dy = Bs— By,

D3 = B3—3By+ 2By,

Dy, = By—6B3+11By —6By,...

That is

1 2 3 24
S Dy=Z2Dy=—2Dy= ...
27 2 37 3 2a 4 57

Remark 5. Consequently, in the above computation, we see that the Deahee
numbers D,, are associated with a sequence the Bernoulli numbers By, and
the Deahee polynomials Dy (y) are associated with a sequence the Bernoulli
polynomials By, (y).

Dy=1,Dy =—

By combining (26) with (28), one has the following relations for the
Changhee numbers and the Euler numbers:
Chy = Ey,
Chy = Fi,
Chy = E;— Ei,
Chs = E3—3E>+2F,
Chy = E4—6E3+11FE; —6E,

that is

1 1 3 3
Chyp=1,Chy = —=,Chys = =,Chs=—=,Chy = -, ...
0 ) 1 9’ 2 9’ 3 4 4 9
Remark 6. Consequently, similarly, in the above computation, we see that
the Changhee numbers Chy, are associated with a sequence the Euler numbers
E,, and the Changhee polynomials Chy,(y) are associated with a sequence the

Euler polynomials E,(y).
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By spirit of the above computation, we catch up with two explicit forms for
the Changhee numbers and the Daehee numbers in [14] and [1], respectively,
as follows:

In [14, p. 5972, Equation 2.10], Kim et al. gave an explicit formula for

the Daechee numbers as follows:
n

Dy = si(n,l)By.

=0
and in [1, p. 996, Theorem 2.5], Kim et al. also gave an explicit formula for
the Changhee numbers as follows:

Chy = Zsl (n,1) E;.
=0

Acknowledgement. We would like to thank to Professor Taekyun KIM
for his advice in order to improve Section 5.
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